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Abstract 

We consider the commutative algebra B over the field of complex numbers with the bases {61,62} 
satisfying the conditions (61 + 62)^ = , 61 + 62 7^ . The algebra B is associated with the biharmonic 
equation. For monogenic functions with values in B , we consider a Schwartz-type boundary value problem 
(associated with the main biharmonic problem) for a half-plane and for a disk of the biharmonic plane 
. {xei +1/62} , where x,y are real. We obtain solutions in explicit forms by means of Schwartz-type integrals 

and prove that the mentioned problem is solvable unconditionally for a half-plane but it is solvable for a 
^— ^ . disk if and only if a certain natural condition is satisfied. 

i/^ ; 1 Introduction 

. We say that an associative commutative two-dimensional algebra B with the unit 1 over the field of complex 

■ numbers C is biharmonic if in B there exists a biharmonic basis, i.e a bases {61,62} satisfying the conditions 

(6^ + 6^)^=0, 6^ + 6^^0. (1) 



(N 



V. F. Kovalev and I. P. Mel'nichenko [T] found a multiplication table for a biharmonic basis {ei, 62} : 

61 = 1, 62 = 61 + 2162, (2) 



T 1 ... . I I 

^ ■ where i is the imaginary complex unit. In the paper [2] I. P. Mel'nichenko proved that there exists the unique 

CO, biharmonic algebra B with a non-biharmonic basis {l,p} for which 

g : p = 261 + 2i62 (3) 

PsJ ■ and = , and he constructed all biharmonic bases in B . 

. Consider a biharmonic plane p := {(^ — x ei + y 62 '■ x,y £ R} which is a linear span of the elements 61,62 

of the biharmonic basis ([2]) over the field of real numbers R . With a domain D of the Cartesian plane xOy 
we associate the congruent domain := = xei + ye2 '■ {x, y) G D} in the biharmonic plane /i . In what 
follows, C, = xei + ye2 and j;, y S M . 
■ Inasmuch as divisors of zero don't belong to the biharmonic plane, one can define the derivative <&'(C) of 

^ . function $ : Z)^ — )■ B in the same way as in the complex plane: 

a>'(C):=, lim ($(C + M-$(C))/i-^ 

We say that a function <& : 13^ — > B is monogenic in a domain if the derivative ^'{C) exists in every 
point ( & . 

It is established in the paper [I that a function $ : D,^ — > B is monogenic in a domain if and only if 
the following Cauchy-Riemann condition is satisfied 

dm^dm,^ (4) 

dy dx ^ ' 

It is proved in the paper [1] that a function ^(C) having derivatives till fourth order in satisfies the 
two-dimensional biharmonic equation 

^) - + 2 ^ ^) Uix. y) = (5) 

in the domain D owing to the relations ^ and 

(A2f<f(C) = $(*)(C) (e? + 6^)2. 
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Therefore, every component Uk ■ D — > M , fc = 1, 4 , of the expansion 

$(C) ^ Ui{x, y) ei + U2{x, y) iei + Uz{x, y) + [^4(2;, y) ie2 (6) 

satisfies also the equation ([5|), i.e. Uk is a biharmonic function in the domain D . 

It is proved in the paper [3] that a monogenic function $ : Z?^ — > B has derivatives of all orders in 

the domain Z?^ and, consequently, satisfies the two-dimensional biharmonic equation ([5]). In the papers O |4] 
it was also proved such a fact that every biharmomic function Ui{x, y) in a bounded simply connected domain 
D is the first component of the expansion ^ of monogenic function $ : — > B determined in an explicit 
form. 

Basic analytic properties of monogenic functions in a biharmonic plane are similar to properties of holomor- 
phic functions of the complex variable. More exactly, analogues of the Cauchy integral theorem and integral 
formula, the Morera theorem, the uniqueness theorem, the Taylor and Laurent expansions are established in 
the paper [5]. 

2 Statement of problem 

Consider the following boundary value problem; to find a monogenic function $ : Z?^ — B when values of 
two components of the expansion ^ are given on the boundary dD,^ , i.e. the following boundary conditions 
are satisfied: 

Uk{x,y)^Uk{0, Um{x,y)^u^{0 WCedD^, l</c<m<4, 

where Uk and Um are given functions. 

This problem was first considered by V.F. Kovalev [6] and was called as the biharmonic Schwartz problem 
because it is analogous in a certain sense to the classical Schwartz problem on finding an analytic function of 
complex variable when values of its real part are given on the boundary of domain. 

Let us analyse the main ideas of the paper [61 . V.F. Kovalev proved that all biharmonic Schwartz problem 
are reduced to the main three problems: 

1) for k = 1 and m = 2 (we shall call it by the (l-2)-problem); 

2) for k — 1 and m — 3 (we shall call it by the (l-3)-problem); 

3) for k — 1 and m = 4 (we shall call it by the (l-4)-problem). 

Some relations between biharmonic Schwartz problems and problems of the theory of elasticity are described 
in the paper [B]. In particular, it is shown that the main biharmonic problem (see, for example, [71 p. 202]) 
on finding a biharmonic function U : D — > M with given limiting values of its partial derivatives dU/dx and 
dU/dy on the boundary dD can be reduced to the (l-3)-problem. 

If certain natural conditions are satisfied, then the (l-4)-problem is solved in 6 in an explicit form. Further, 
the (l-2)-problem and the (l-3)-problem are reduced to integro-differential equations with using a conformal 
mapping of a domain Z)^ onto the half-plane 11+ := = xei + ye2 : y > 0} and the (l-4)-problem as an 
auxiliary problem. Note that V.F. Kovalev ^ stated only a sketch of solving biharmonic Schwartz problems, 
and he did not investigate conditions of solvability of these problems. 

Having an intention to reduce the (l-3)-problem to integral equations, we study boundary properties of 
certain integral representations of monogenic functions. Considering the (l-3)-problem for a half-plane and for 
a disk under natural assumptions on the functions ui and U3 , we obtain solutions in explicit forms. Moreover, 
the (l-3)-problem is solvable unconditionally for a half-plane but it is solvable for a disk if and only if a certain 
condition is satisfied. 

3 Biharmonic Schwartz integral for a half-plane 

Let a function u : M — > R be continuous and there exists a finite limit 

u(oo) := lim u{t) . (7) 
Under assumptions that the modulus of continuity 

tjR(M,e)= sup \u{ti) - u{t2)\ 

Ti,T2eM:\Ti-T2\<e 



and the local centered (with respect to the infinitely remote point) modulus of continuity 

WR,oo(w,e)= sup \u{t)-u{oo)\ 

reR:|r|>l/e 

of the function u satisfy the Dini conditions 

1 

dry < oo, (8) 



^^d77<oo, (9) 



consider an integral 

+ 00 



that we shall call the biharmonic Schwartz integral for the half-plane 11+ . 

Here and in what follows, all integrals along the real axis are understood in the sense of their Cauchy 
principal values, i.e. 

+00 N 



[ g{t,-)dt:= lim / 9it,-)dt, 

-N 

( C-e 



—oo -N 

+ 00 



' ^ dt := lim lim 

t — t, JV-S. + 0O £-!-0+0 




\-N 5+e 

The function S'n+[w](C) is the principal extension (see (51 P- 165]) into the half-plane 11+ of the complex 
Schwartz integral 

+ 00 

S[u]{z):^— / -dt, 

m J [t^ + l){t - z) 

— OO 

which determines a holomorphic function in the half-plane {z — x ^ iy \ y > {)} of the complex plane C with 
the given boundary values u{t) of real part on the real line M . Furthermore, the equality 

oo 

Sn+[um = S[u]{z)-^p j ^^^dt VC = xei+e2yen+ (10) 

— oo 

holds, where z — x + iy as well as in what follows. 

We use the euclidian norm [|a|| :— y^2ip + |z2|^ in the algebra B , where a — ziei + ^262 and zi, Z2 G C . 

The following lemma presents sufficient conditions for the existence of boundary values of the biharmonic 
Schwartz integral on the extended real line M U {cxo} . 

Lemma 1. If a function u : R — > R has the finite limit ([7]) and the condition (jS]) is satisfied, then the 
equality 



hm 5n.[u](C)=«(0 + - [ ^^dt V^e 
>5, Cen+ m J t^ + 1 t — 



is fulfilled. If, in addition, the function u satisfies the condition then 



(11) 
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00 

lim 5n+M(C) =m(oo) - — / u[t)-^dt. (12) 



Proof. In order to prove the equality pT|) we use the expression ([TU]) of the biharmonic Schwartz integral. 
The second summand in the right-hand part of equality (jlOp tends to zero with C ^ £. ^ ^ ■ This statement 
follows from the equalities 

oo oo x+2\y\ 




and the relations 



x-2\y\ 



dt =: h + h (13) 



x+2\y\ 

\h\<\y\ J j^<4^^(^^2|y|)^0, z^C, (14) 

x^2\y\ 
^-2|y| oo 



oo x+2\y\ I 2\y\ 



\h\<\v\\ I + I I '"vr :r' ^^<%i ^^^^.^o, (is) 



By virtue of the condition ([8]), the Schwartz integral 5[m](2) has limiting values on the real line (it follows, 
for example, from an appropriate result of the paper [9] for the Cauchy type integral), hence 

oo 

S[u]iz) uiO + - I i^^T^dt, z^x + ^y^^eR, y>0. 

— oo 

Thus, the equality ([TT|) is proved. 

In order to prove the equality ([T^ with using the change of variables t = —1/ti , z = — 1/zi (see., for 
example, |10[ p. 36]) we rewrite the relation (1101) in the form 

oo 

SnAum^S[v]iz,)~^^plmz, f -^^^-dh , (16) 
27r zi J [ti - ziY 

— oo 

where v(ti) := u{—\/t) and zi :— Rezi — ilmzi . By virtue of Lemma 1 of the paper JH , the function v 
satisfies a condition of the form ([S]). Therefore, the equality (IT^ can be obtained from the equality ([TB| by 
passing to the limit when zi — )> , Im zi > by analogy with the proof of the equality (|lll) . The lemma is 
proved. 

4 (l-3)-problem for a half-plane 

Let continuous functions ui : R — > R and W3 : R — > R have finite limits of the form ([?])■ 

Consider the following (l-3)-problem for the half-plane 11+ : to find a continuous function $ : 11+ — > B 
which is monogenic in the domain 11+ and has the limit 

lim $(0 =: $(00) e B, 
||CIK«5,Cen+ 

when values of the components Ui and U3 of the expansion ([6]) are given on the real line R , i.e. the following 
boundary conditions are satisfied: 

f/i(^,0) = «i(O, U3{^,0) = U3{0 veeR. 
It follows from Lemma [T] that the function 

$(C) = 5n+M(C)ei +5n+H(C)e2 (17) 

is a solution of (l-3)-problem for the half-plane 11+ if the functions ui and U3 satisfy the same conditions as 
the function u in Lemma [TJ 
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To describe all solutions of (l-3)-problem for 11+ , first consider the homogeneous (l-3)-problem. 

Lemma 2. All solutions $ : 11+ — > B of the homogeneous (1-3) -problem for the half-plane 11+ with zero 
data ui = U3 = are expressed in the form 

$(C) = ai iei + 02 162 , (18) 

where 0,1,02 are any real constants. 

Proof. We use an expression of monogenic function $ via two holomorphic functions F and Fq (see, for 
example, [5]) in the form 

$(0 = F(z)ei - (^|f'(^) - Fo(z)) p VCen+. (19) 

Inasmuch as the function F is holomorphic in the half-plane {z = x + : y > 0} and continuous on the 
closed half-plane {z = x + iy : y > 0} and have the limit 



lim F{z) =: F{ao) , 

js— )-oo, Re z>0 



the following equalities hold: 



^ ' 2ni J t-z 2 

— 00 

00 

F'iz) = — f , ^^*\^ dt VzeC:Rez>0. (20) 
27ri J [t — zY 



Therefore, we obtain the equality 



lim yF'{z) = 0, G 
5:^5, y>o 



as the result of relations — p^ . 

In the same way with using the change of variables t = — 1/ti , z = —1/zi in the integral (|20p we obtain 
the equality 

lim yF'(z) = 0. 

z—¥oo, y>0 

Thus, taking into account the relation ([3]), we have 



lim $(C)= F(e) + 2^^o(C) ei + 2zFo(Oe2 G M, 

and the homogeneous (l-3)-problcm for 11+ is reduced to finding holomorphic functions F , Fq by solving two 
classical Schwartz problem for the half-plane {z — x + iy : y > 0} with the following boundary conditions: 



Re(F(C) -I- 2^^0(0) = 0, Re(2iFo{0) =0 G 



In such a way we obtain Fo{z) = 02/2 and F(z) = —02 + ioi , where 01,02 are any real constants. 

Finally, substituting the obtained functions F , Fq into the equality and taking into account the 
relation (|3]), we obtain the equality ([TSl) . The lemma is proved. 

In the following theorem we establish the formula of solutions of the (l-3)-problem for the half-plane 11+ . 

Theorem 1. Let the functions ui : R — > R and : M — > M have finite limits of the form ([7]) and 
satisfy conditions of the form ^ and Then the general solution of (IS) -problem for 11+ is expressed in 
the form 

*(C) = Su+[ui]{C) ei + Su+[u3]{0 e2 + aiiei + a2ie2, (21) 

where 01,02 o-fe any real constants. 

Proof. It is obvious that the formula (PT|) represents the solution of the (l-3)-problcm for 11+ as the sum 
of particular solution (|17p and the general solution (|18p of the homogeneous (l-3)-problem. The theorem is 
proved. 



5 A biharmonic analogue of Schwartz integral for a disk 

In what follows, {C, = xei + ye2 ■ ||CII 5; 1} is the unit disk in the biharmonic plane fi and D :— {z — 

X + iy : \z\ < 1} is the unit disk in the complex plane C . 

For a continuous function u : dD(^ — > R , by u we denote the function defined on the unit circle dD of 
the complex plane C by the equality u{z) — u{() for all z € dD . 

Consider the integral 

5z5cM(C):=^ / ^i-^K^ + Oir - Cr' T-Ur VC G (22) 

that is an analogue of the complex Schwartz integral 

^ f ^, , t + z dt , , ^ , ^ 

— / VzeD (23) 

Zm J t — z t 

dD 

which determines a holomorphic function in the disk D with the given boundary values u{t) of real part on 
the circle dD . 

Consider also singular integrals which are understood in the sense of their Cauchy principal values, i.e. 
^aD,M(C):-^^Hm„ / u{T){T + C)ir-Cr'T-UT VCedD^, 

{TedD(:\\r-C\\>e} 

So[uKz) := — lim / u{t) ^ - W z G DD . 

^ ' 2m e^o+o J ^ ' t- z t 

{tedD : |t-z|>£} 

It can be proved in a similar way as in the complex plane (see, for example, [9l llOj) that if the modulus of 
continuity 

w(u,e) = sup II'"(ti) - u{t2)\\ 

Ti ,r2 GS-D^ : II''"! — ^2 II <e 

of the function u : dDc — > M satisfies the Dini condition 



1 

u:{u,ri) 



di] <oo, (24) 





then the integral (1^^ has limiting values on dD^^ which are expressed by the formula 

lim Sd, [u] iO = "(C) ei + Sod, M (C) V C G OD^ . (25) 

Lemma 3. // the function u : dD^ — > M satisfies the condition \24^ , then the following equality holds: 
SaD,[um^S^[u]{z)e^^ \ ^ f ^ dt \ ie^+^e2) + 



27r J t^ 

dD 



X f u(t) , 1 f uit) , V , ^„ 

dD dD / 



(26) 



Proof. Let C, £ dDc^ , t :— tici + i2e2 and t ti + it2 , where <i,i2 G R • We have the equalities 
C = zti — ? = tei — and dr — eidt — ^pdt2 for r G dD^ . Taking also into account the equalities 
(see 0) 

we obtain the following equality: 

5».j.,,o^s,s,w.. + ^/*i(*^*(| 

dD 



1 f u{t){t + z){{t2 - y) dti - [ti - x) dt2) ( ip 



2m J t{t ~ z)2 

dD 

=:5o[S]Wei + |/3 + |/4. (27) 

Transforming the integrals and /4 with using the change of variables t = exp(i9) , z — exp{i9z) , we 
obtain the equalities 

~x + iy f u{t) 1 f u{t) 

dD dD 

Substituting obtained expressions for J3 and I4 into the equality ([27l) and taking into account the equality 
ip/2 = iei — 62 which follows from the equality ([3]), we obtain the equality ([26| . The lemma is proved. 

6 (l-3)-problem for a disk 

Let the functions ui : ODq — > M and U3 : dD^ — > R satisfy the condition of the form (|24|) . 

Consider the following (l-3)-problem for the unit disk : to find a continuous function $ : Dc^ — > B 
which is monogenic in the disk Dq when values of the components Ui and C/3 of the expansion ([6]) are given 
on the circle dD,^ , i.e. the following boundary conditions are satisfied: 

Uiix,y)^u,iC), U3{x,y)^U3{0 VC G 9i?c- (28) 

It follows from a biharmonic analogue of the Cauchy integral formula (see Theorem 4 from the paper [S]) 
that the solution $(C) of (l-3)-problem for Dq can be represented as a biharmonic Cauchy integral and, 
consequently, it can also be represented in the form 

m ^ I Vir)ir + Oir - r-' dr VCeDc (29) 

where tp : — > B is a certain continuous function. 

We shall find solutions of (l-3)-problem for in the class of functions represented in the form (P^]) . 
where the function (p : dD^ — > M satisfies the condition of the form ([M)) . The solvability of (l-3)-problem for 
Dq in the class is described in the following theorem. 

Theorem 2. Let the functions ui : ODq — 5- M and U3 : ODq — > M satisfy the condition of the form 
Then (1-5) -problem for Dq is solvable in the class M. if and only if the following condition is satisfied: 



uiiC)dx + U3iC)dy = 0. (30) 

dD( 

The general solution is expressed in the form 

4>(C) = Sd, [ui]{C) ei + Sd, H(C) 62 + 6C + ^lei + ^262 + i{aC + ai ei + 02 62), (31) 

where 

6:=-— Re / -^dt- — Im / dt , 

2tt J t^ 2tt J t^ 

dD dD 
1 f U3(t) , 1 , /■ Ui(t) , 

hi :=-— Rc / -^dt- — Im / dt , 

2n J t^ 271 J t^ 

dD dD 

2tt J t^ 27r y t3 

dD dD 

and a,ai,a2 are any real constants. 

Proof. Let $ e be a solution of (l-3)-problem for Dq . Taking into account the equalities and 
(PS)) . we make a conclusion that the limiting values of the function $ on the boundary ODq can be represented 
in the form 

$(C) -i^i(z)ei+F2(z)e2 + ci.T + C22/ + C3 VC^^QDq, (32) 



where Fi : D — > C , F2 : D — > C are certain continuous functions holomorphic in the disk D , and 
Ci, C2, C3 e B . Moreover, the functions Fi , F2 can be represented by complex Schwartz integrals of the form 
Therefore, the equality ([5^ can be rewritten as 

<f (C) = 51(C) ei + S9D,[9i]iO + 62(53(0 ei + SodMO) + hix + h^y + VC 6 , (33) 

where : dD^^ — > M , (73 : dD^^ — > M are certain functions satisfying the condition of the form ([M)) . and 
hi,h2,h3 e B. 

It follows from a biharmonic analogue of the Cauchy integral theorem (see Theorem 4 from the paper [5]) 
that for the function (155)) the following equalities must be fulfilled: 



J <i>{C)dC= J ihix + h2y)dC^0. 



The last equality is feasible if and only if h2 ~ hie2 ■ 

Denote /7fc[$(0] '■= Uk{x, y) , where Uk{x, y) , fc = 1, 4 , are components of the expansion (|6]). 

Our strategy is to find the functions gi and with using the method of indefinite coefficients and the 
boundary conditions (j28p rewritten in the form of two equations with respect to sought-for functions gi , 53 
and unknown hypercomplex numbers hi^h^ : 

gkiO + Uk [S9DM0ei+SaD,[93K0e2\+xUk[hi]+yUk[hie2] + Uk[h3] = Uk{0 VC G dD^, fc - 1,3. (34) 

Using the equality ([26| . we obtain the following equalities: 

Ui [Sqd, [51] (C) ei + SsD, [53] (C) €2] ^ ^ llm J ^ dt + Re J ^ dt 

\ dD dD 
\ an dD I dD dD 



U4SaD,[gi]iOei + SoD,[g3]iC)e2]^^ iReJ^dt-lmJ^dt 



x+ 



dD dD 



\ dD dD J dD dD 

Now, it follows from the equalities (p4)) — (l36l) that the functions gi , g^ can be expressed in the form 

5fe(C) = "fc(C) + flfea^; + afc,22/ + afc,o MC, ^ dD^, (37) 

where unknown coefficients ak^m are real numbers for fc = 1, 3 and to = 0, 1, 2 . 
Denote 

Substituting the expressions ([37]) into the equations p4p and taking into account the equalities 
\ j X z \ j y 1 fx f y 

dD dD dD dD 



Ui[hi 62] — U^lhi], U^ihi 62] = Ui[hi] — 2U4[hi] , we obtain the relations 

|ai,i + l a3,2 + A3 + Bi + Ui[hi])x+ ( ^01,2 + ^ 03,1 - Ai + B3 + Usihi] ] y+ 



+ai,o + C3 + i:'i + C/i[/i3] ==0, 

^ ai,2 + ^ 03,1 + Ai - B3 + C/3[^i]^ ^ + "I'l + ^ "^3,2 + A3 + Si + Ui[hi] - 2U4hi]^ y+ 

+a3,o + Ci- D3 + U3[h3]=0. 
Consequently, we have a system of six equations with six rCcil unknowns o,k.7rL 

(with k — 1,3 and 

m = 0, 1, 2 ) and two hypercomplex parameters hi, /13 : 

ai,o = -C3-Di-Ui[h3l 
a3.,o = -Ci+D3-U3[h3], 
ai.2 + 03.1 = 2Ai - 2B3 - 2C/3[/ii], 

(38) 

ai,2 + 03,1 = -2Ai + 2B3 - 2C/3[/ii], 

3ai,i + 03.2 = -2A3 - 2Bi - 2C/i[/ii], 

ai,i + 3a3,2 = -2A3 - 2Bi - 2Ui[hi] + Wi[hi]. 

It is obvious that this system is solvable if and only if Ai — B3 = B3 — Ai , i.e. Ai = B3 that is equivalent 
to the condition (|30p . If this condition is satisfied, then the general solution of the system (|38p contains an 
arbitrary real number 01,2 and is of the form: 



ai,o = 


-C3- 






03,0 = 


-Ci + 


D3-U3[h3l 




03,1 = 


-ai,2 - 


-2C/3M, 




oia = 




-isi-ic/iM 












03,2 = 




-\Bi-\u,[hi\ 





(39) 



Inasmuch as /i2 — hie2 , the function 

<i>(C) = 5Djgi](C)ei+5Dj53](C)e2 + /iiC + /i3 VC e i^c (40) 

have the boundary values and is the general solution of (l-3)-problem for in the class Ai . In the 
formula PO)) the functions 51,33 are of the form ([57)) . where the coefficients ak,m with k = 1,3 and 
m = 0, 1, 2 are determined by the equalities ((39)) . 
Finally, with using the equalities 



^Djl](C)=ei, 5z5,N(C) = -(3ei+ze2)C, ^i^c ^(C) = o (-3*ei + e2)C VC 6 i^c 



i(3ei+ze2)C, SdM0 = 1 

the formula (j40|) is reduced to the form ([31]) . The theorem is proved. 

Let E {{x, y) e : a;^ + < 1} be the unit disk in the plane ^ 

Consider the main biharmonic problem (see, for example, [TJ p. 202]) on finding a biharmonic function 
V : E — 5- R with given limiting values of its partial derivatives on the boundary dE : 

y dV{x,y) 

(x,v)^(xa,vo),{x,y)<^E Ox 

(41) 

1™ 'Sr — ='"3(a;o,yo) V(a;o,yo) e 

It is shown in the paper [B] that this problem can be reduced to the (l-3)-problem. Indeed, consider in the 
domain Dq a monogenic function 

$i(C) := V{x,y)ei + V2{x,y)iei + V3{x,y)e2 + Vi{x,y)ie2 



n 



for which [/i[$i(C)] = V{x,y) . It foUows from the Cauchy-Riemann condition with $ = $i that 
dV^lx, y)/dx — dV{x, y)/dy . Therefore, 



m) 



dV{x,y) 



ei + 



dV2{x,y) . 



iei + 



dV{x,y) 
dy 



62 + 



dVA{x,y) ^ 
dx 



dx 



dx 



ie2 , 



and the main biharmonic problem with the boundary conditions (|4ip can be reduced to (l-3)-problem on finding 
a monogenic function := ^i(C) in the domain Z?^ . 

Let us note that in this case the equahty pop is the weh known necessary and sufficient condition for the 
solvabihty of the main biharmonic problem with the boundary conditions (j4ip . see, for example, 7, p. 202]. 

Let us also note that the solvability of the (l-3)-problem is analogous to the solvability of Schwartz-type 
boundary value problems for polyanalytic functions and for analytic functions of several complex variables. 
In the paper |12j the Schwartz-type boundary value problem for the polyanalytic equation in a half-plane is 
solved in an explicit form without any complementary conditions. In the paper [IB] Schwartz-type boundary 
value problems for analytic functions of several complex variables and for the inhomogeneous Cauchy-Riemann 
system in a polydisc are considered, ibid, solvability conditions for appropriate boundary value problems are 
obtained. 
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